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ABSTRACT:

For the combination of Doppler networks with terrestrial
one, two mathematical models are completely derived and intro-
duced. The first model is for three dimensional combinatian
anc the second for two dimensional combinatiogn, results from
the two mathematical models show that, as long as we do not
have accurate informations in Egypt about the erthometric and
narmal heights of the terrestrial network, then the two dimen-
sional combination will pe preferable because it is much more

easy to be handeld.
INTRODUCTION::

The combination of a Doppler network with a terrestrial
one serves generally to improve the quality of the inner
strength of the terrestrial network and to determine the
transformation parameters for the positioning of the reference
ellipsoid in a gegcentric system. It is clear that we are deal-

ing with different coordinate systems. Accordingly, a direct

comparison between the coordinates of the Doppler and geodetic
ctstions cannot he dsne until ¢re relation between these s,e-

ters are krnown, The transformation from a given geodetic
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reference to the Doppler system , are controlled by certain

number of parameters, [3] 3 [a] , [5] , these parametgrs

are mainly translation, rotation & scale.
2. THREE DIMENSIQNAL COMBINATION:
2.1 Preliminary transformation of Doppler network:

The Doppler coordinates used for the preliminary trans-
formation from a geocentric system to a local system will
include all the common stations. Let Iip and LY denote the
Doppler and terrestrial coordinates of the i-th station ,

respectively,
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I;p * [110 » Y ip * Zip | Ri=1a, 3. (18
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Iy = [..... s Ijp 2 reecee ] (26 2)'%
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Tit = [xit * Yig oo Zit]

(Ni+Hit) cos Bit cos Lit

- g 2 .
= (Ni+Hit) cos Bi sin L.lt (2.3);

t
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(Ni(l-e ;+Hit) sin Bit

and

By E... ..... b Tip 0 e J (¥.a).,

where Bit snd Lit are tle ectimatars o2tained from the previous
adjustment of the terrestriai network sefore the combination

with the Doppler network. ihe geocarti: height Hit of the i-ch
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station can be obtained from the height anomaly and normal
height of the i-th station. The misclasure between Ip end

Ty can be denoted by
(2.5

The preliminary transformation parameters are restricted to

only three shift parameters b

T N
Ia =[xo * Yo 1 %o ] (254

From expression (Z.5) and (2.6) the observation equations

far the preliminary transformation are obtained
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Ir + d = v
)

where

2=l1,1,... 17 ( I = identity matrix) (2.8}

TS

The three preliminary shift parameters can be obtained fro=

the fgllowing equation:

ro= 2'7H2Ta) = —(2Td)/n (2,97
Thus we obtain the transformed Doppler coordinates rD'
ry = Ip + Zr
T T iflF 5y Ore e
-L .......... » Typ.s =e--- J 92 40w

B =T

A e xiD’tiD’ZiD""""' J

r. obtained from formula (2.10) differ from the terrest-icz_

D

coordinates Ty only by a small amount.

2.2 Ztservation equations for the combination of the Dorzler:

aet2crx with the terrestrial one:

In gra2er to minimize the effect of the error resultirs
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from the Doppler system on the inner strength of terrestrial
network, only a restricted number of Doppler stations-reliable

accuracy, widely separation shall be used.

Doppler results originally are expressed in terms of an
X.y,Z - space cartesian coordinate system,however the station
coordinates in the terrestrial network of Egypt are expressed
in geodetiec latitudes, longitudes and hiehgts ( 8,L,H) System.
So that a transformation between botH systems bec omes indis-
pensable in a combined solution. The transformation of the
Doppler coordinates x,y,z to B,L, H system is therefore more
expedite than the reverse transformation of the terrestrial

network.

Using the inverse problem l_l:l, [2 | " ‘:S:Ithe corres-
pondinc Jecdetic coordinates BiD’LiD’HiD of the i-th Doppler

N !
staticn can be obtained from xiD’yiD’ziD

Now we introduce a new vector dR. They correspond to the
corrections for the geodetic ccorainates of Doppler common

staticns after the preliminary transformation.

= e T -T
dr -L ..... g dRi 5 C oo J
g2] =T (M. « H.)¢S8., (N, + B.) cosd.dL,, dH.]T (z.11%.
8 L 35 al 1 1 1 1 1 1

T~2 coordinates of the common stations B..,L.. ,H, .obtasined
iD""iD* 1D

from Dcocler positioning are considered as the quasi observaticns
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of those in the terrestrial network. The observation equations
of the combination of the Doppler network with the terrestrial

one can be established as follows.

dR - C Z dr0 + F Ty dk - C F DE + W = v (2.12);
where
T
dr_ = [:dxo P dz0 ] (2.13);
C = diag [ e :I (2.14);
- sinBiD COSLiD' - sinBiDsinLiD, COSBiD
C, = _ -sinl;p cosl;n , O (2:15);
COSBiD COSLiD' cosBiDsinLiD, sinBiD
T T
F = [ ...... B e :| (2.16);
J 0oz "Vioj
. 1
Fi: _ZiD’ 0, xiD!
+ I
| Yige g O |
g = [de,, o, d& L (2.17);
3 x’ J z YRR

where

[s] (o]
A T

adjustment of the terrestrial network.

8 are initial values taken from a previous
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2.3 Veight matrices For the parameters in the observaticon

equations:

{a) Weighting the quasi - observations:

The quasi - observations BiD'LiD and HiD in formula (2.18)
are the transformed cooradinates rD(see formula (2.10),which are
obtained from r, ( see formula (2.2) and I, ere the adjusted
coordinates of the common stations in the Doppler network. The
weight coefficient matrix of I, can -be obtained fram the coef-

ficient matrix of the adjusted Doppler net.

Assuming that the weight coefficient matrix for rDis the

same as for Iy and is egual to NBI

According to the propagation law of covariance functien

the weight coefficient matrix of quasi observation in Fformula
(2.19) is
-1.7

Q = CNDC

Inverting the above weight coefficient matrix and taking
into sccount C-l = CT,the a priori weight matrix fer the quasi

observaticn in formula (2.18) is

(b) Weighting the orientation parameters:

For the orientation of the final combined system two

information sources are available: one from the laplace azimuths
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given by the terrestrial network, and the other one from the

ebsolute coordinate given by the Doppler network, However,both

information sources must be in cancurrence,in other words,£he

orientation of the finaj combined system is determined by the
/

cooperation of both networks and neither by the terrestrial

network alone nor by the Doppler network alone.

Therefore a certah1weight matrix PE can be allotted to the
orientation of the Doppler network,obtained From the terrestrial

and the Doppler netwarks respectively.

{c) Weighting the scale factor:

If no correlatian between scale and orientation is
assumed in both networks, the.same Procedure mentioned above
for the orientation parameters can be applied for the scale
factor. The weight of the scale facter for the Doppler network,
PK’ is allotted alsg in accordance with the ratip between the

accuracies of scale factors in the terrestrial and the Doppler

networks respecti.ely.

2.4 Normal equations for the combination gof terrestrial net-

warks with Doppler svstem:

According to the observation equation (2.12%and the weight

matrizes P’PE' P The narmal equations are formed ss follows:

K
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i-z7c’e |, 2'cTrez ~zcteer, L z'cTee }:dro{ i-ZTCTPw
i
[k 2 T T = ey Bt g7 T .
(F0C Py = gETPCZ , rgC Pery 4B, —rgCURCE ke wircTen <0 (2.20);
T.T TT;. ';'r-r
i!_FTCTP' FTeTncoy <P B Bepe FIeiPerap, dE L FTpw
introducing abbreviations Nij , we get
r ool o S
Moo+ or » Mo o Mop | (R Hp
b
]
r ; .
! Nor Nrr ! Nrk 1 NrE : dro wr
; + ' =0 (2.21);
T O L T B S
- .
N » Mok r Mk r Mg |9 T

The a.,ustment of -the terrestrial network is mostly carried

out by the block solution. The common Doppler stations follow
the connecting points of the block and are located in the rear
part of the normal equations of the terrestrial network. 8y red-
ucing the normal equations (include the connecting points of the
block), the reduced normal equations only related to the Doppler

common stations are obtained as follows.

N, dR* e wr =0 (2.22);
where
i -
e S B eoee |
..... A Pl e i
T kI L T (2.23)
' |
:. LY \Le ) \LL 1 s e aa i
| 11 11 ]
L.
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dR* -[ sevve s (W) By, (No#H) cosB, dLi,.....:l (2.24);

[n. ju— L] T
n -|: ..... L R R YO 'I (2.29).

There are no height elements in the above reduced normal
equations,if a two dimensional adjustment of the terrestrial net-
work is applied. In order to combine it with the Doppler network
the coefficient matrix (2.23), the vector of the unknowns (2.24),
and of the misclosure (2.25) should be filled by the pertaining
terms for the height of the stations. The coefficient matrix(2.23)

then is changed as follos:

080 ayg ;
BiBi BiLl,U n— (2.26)
N = 1
tt [ eesese,sN | :
L.B.,N 0
I 1 1 T )
| el LiLi !
o M NG s T
L it '
where PH is the weight for the geadetic height (Hit) of
it

the i-th station and can be estimated in accaorgance with the
accuracy itself.
B L’ e % 2% 5 . epe g (.27 .
it it
The final normal equations for “he combined soulution are

as follows:

= - r s
Y] e ! Al d d 1 ('..' N %
oo Yorr Nowe Vor ? o™
N Ol e dr | «| W !
| Or rr R gE o; ! r ; -0 2. 28)
1 I " i :', '
b Yo v P v M Ne E - ! { & |
: % | n .
potoe 0 e Nk Nee | L% J
I - L I LS
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2.5 The results of the combinatian:

The final coordinates of the Doppler common statians in
the terrestrial network after the combination are

Ryp = R? + 4R

where R° are the initial approximate values chosen from g

previous adjustments of the terrestrial network.

o oT T
R® = l:, Ry ]

o _ o )
RS = l:( M+ HBT L (N + H,) cos?

t

0 st ]T (2.29);

dR are obtained from the normal equations(2.28) and RtD are expressed

as follows

~ T T
Rep = | oo s Rigp s e ee :l
- -7 (2.30).
- * |
Ritn = (My*H3)854p, (N dcosBy gl on Hipy ]
= RrY + dR
1 1

O , o )
[(M1+Hi)(8it+d81)’ (hi+Hi) COSBitD(Lit +dLi ) (Hit + dHi) ]

The firal coordinates of the ather stations,except the

Doppler common stations in the terreétrial_net are determined

by back substitution of RtD'

2.6 The firal transformation parameters for the geocentric system:

After the accomplishment of the combined adjustment the
transformation from the local datum of the terrestrial netwark

to the geocentric one can be performed.
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The seven transformation parameters can be determined

from formulae (2.9) and (2.28).

r = ¢ <+ dr

o] -0
K = dK (2.31);
E = dE

In the author's opinion the combined ad justment should

be performed by such a limited number of Doppler stations,for

which the accuracy is reliable and apprapriate to the accuracy
of the terrestrial network. But the determination of the final
transformation parameters should be achieved using all Doppler
stations in order to describe the geometric relationship between
the two coordinate systems. The more Doppler stations are intro-
duced, the higher the accuracy of the transformation parameters
will be. Therefore it is recommended that we compare gll the
original Doppler coordinates I, with the final courdinates of
all Doppler statians in the terrestrial network; from the dif-
ferences between the two Kinds of cooradinates we can calculate the

final transfaormation parameters.

2.7 Weights in the Doppler network:

If the scale and the orientation of the Doppler system are
desired to be maintained in the combined adjustment,then, PKand
PE can be assumed as infinite quantities. In this case only ggo
in the normal equations {2.28)requires to be salved.]f sSoTeone

wishes to maintain all the coordinates of Doppier network in

tne concination, those cosordinates can be substituted into the
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terrestrial network and taken as the fixed stations.

3 The above two ways of combination are not recommended,f
are equivalent to the well known practice in the old triangula-

tion computation, where the an order network has to accept

st

full constraint from the 1 order triangqulation. The disasve

tages of such a procedure are sufficiently known.

3. TWO DIMENSIONAL COMBINATION:

Two dimensional combination can be performed in the follss
steps 6 . The first step is the preliminary transformatior 2
the Doppler network as described in paragraph (2.1). The s=c
step is to establish the abservation equations for the two -
dimensional combination.‘ln order to eliminaté the height elemer
in the combined adjustment we at first reduce the Dappler coor-
dinates of the common stations to the surface aof the reference

ellipsoid which is used in the adjustment of the terrestrial

network. The reduced Doppler coordinates on the ellipsoid are:

L]
1}

= T T 3
eDd L..... . riED’ S0 ] (@Rl )

= X 2 g
ieD” r 1eD’ YieD’ ieD:l

b J : Y- Tl
Lﬁi COSBiD“OSLiD’ NiCDSBiDSInLiD' Ni(l—e )31nBiD] (3.2%.

Now the following observation equations can be listed:

) U ? i SN ; - e
dne C-dro + Cr_.akK CiedE + he = v (3.333

eD

Ahet 2
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Mi/(Hi+Hi) J— ,0

u; = o , N /(N +H,),0 (3.5);
0 ] 0 )l

T — T -

e el A
L * ZieD? YieD

F i’ “Zien 0 » X5, (3.6);
Yied* “Mjep r 0

W, = UMW (3.7)

In formula (3.7) matrix W is taken from formula(2.18).
Far the weight of the quasi-observations in formula(3.7) we

obtain the following formula similar to formula (2.19).

0
1

.= e Nt el ul L (3.8)

1 -1
= U °C ND cu

The third step is to establish the normal equations
corresponding to the observation equations{3.3). They are similar

to the normal equations (2.20) and presented by the following formula:

1 9 r .- i
P ,-P _CZ 5 IR, F ,=P CF dR!' P W
e e e eD e e e e
T.T T4l T.7 IS5 T.T
-z C Pe ed (T PeCZ ,~Z C PeCreD JEC Pecre dr0 =Z'C Pewe -
+
T Tt AT T T Y .m TR
Bt Pe ’-‘eDc PeCZ #E05 C PecreD+PK’_reDC Pecre & | reDc Pewe
S N T T I T T
0 TAT y 2
& - P 3 FCPH
B,CP, , FLOPCZ ,—FCPIr g, FOPLCF P ; d i e ER
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He eliminate, by the Gaussion algorithm far instance,all

dHi (i = 1,2,....) in dR! and get the following reduced normal

equations:

—

N N N N T dR b W T
eDD’ 'eDr ' 'eDK’ ‘eDEL e eD
NeDr’ Nerr ! NerK’ NerE dro Her
o =0 (3.10)
Nok » Merk * Mexkr Vexe gt ¥ex
NeDE’ NerE U NeKE’ NeEE dE HeE
— - — P = —

here,dRe does not contain the height corrections dHi

: i
aR = [} ..... , M, 9B, N cosB,dl,  , ....... :] (3.11)

The fourth step is to combine the two networks. The final normal

equations for the combined adjustment are similar to the equations (2.28).

— - — -I mi h

Nepo*Nitr Mepr YemrMepe| | PFer | Mep*"i

| ]
NeDr D Nerr ’NerK’“erE' : dro’ de
+ =0
(3.12)

Neok  * Nerk Mekx*VNexr alif =

LfleDE » More  Noir Mok LéE Vet

In the above formula (3.12)} N*., and W%, are the reduced
normal equations of the previous adjustment of the terrestrial
network(see formula (2.22),(2.23) and (2.25). Since all the
data now are reduced to the surface of an eiffEEEIETFhe geometrical

frature aof the data distriburions can only determine two shift

parameters in equation(3.,12). Therefore we have to introduce in



appropriate accuracy as compared with that of the other t\.nd'
geodetic coordinates. In case of two dimensional combiha&ion,
the height errors do not enter into it and will influence only
the final transformation parameters For the geocentric para-

meters, and in the same time its advantage is that it is mare

easy to be carried out .
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dro,two surface shift parameters,instead of the three spatial
ones(see expression (2.13). One possibility, for example,is

to introduce

dr0 = Go dto (3.13).
where =1 e
- sinB_ costl  , -sinL
o o o
GD =)
- sinB_ sinl_, cosL (3.14).
0 o o}
cosB q 0
— 1 0 e
dt = _M ‘dB N cosB_dL e (3.15)
o o o' o €l = a : v

Go and dtO are related to a given point Po’ in most cases ,

to the initial point of the terrestrial network.

The final coardinates of the common Doppler stations after

the combination adjustment are:

BO

7 +dBi 5 £

it * dLi (§ pitn= l,Z,}, ..... )

4, CONCLUSION:

From the two mathematical models of combinations given in
paragraph 2 & 3 one should be very careful when deciding which one is
better, of course in Egypt till now we don't have enough informations
about the geecidal undulations of the terrestrial stations,accordingly if
a three_dimensional combination is proposed, then one would'expect that
the errcre in the heights will result in the relatively law accuracy in
tre riral cocroinates of the combimation. This i3 because the values of
the geocetic hsights and its weight matrix, which are added into the

cLzervsticns and nermal equations (ea. 2.18 and 2.26 ), do nat have an
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